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COMMENT

A new two-mode fermion coherent state representation

Fan Hong-yi

Department of Modern Physics, China University of Science and Technology, Hefei,
Anhui 230026, People’s Republic of China

Received 11 July 1989

Abstract. A technique of integration within the ordered product for a fermion system is
introduced. In terms of the technique, a new two-mode fermion coherent state representa-
tion is found. Some properties and applications of the new representation are derived.

1. Introduction

It is well known in quantum mechanics [1] that if two operators A and B commute,
and if |¢) is an eigenvector of A, then Bl¢) is also an eigenvector of A, with the same
eigenvalue. An interesting question thus arises: if two operators anticommute, can
they have a set of eigenvectors in common? To our knowledge, this question has not
been paid enough attention in the literature. In this comment, we shall answer this
question in terms of the technique of integration within the ordered product (1wop)
for fermion systems, which was put forward in [2]. According to the technique, any
two Fermi operators anticommute with each other within : : (the normal product)
while any two Grassmann number-Fermi operator pairs commute with each other
within : :, and the completeness relation of fermion coherent states can be recast into
the normally ordered form, e.g.

J‘ d&, dai|ai)<ai| = J- dd, dai :exp['—(&,- - a’:)(a,' - a,‘)]: = 1 (11)
where a! (a;) are Fermi creation (annihilation) operators, satisfying

{a,', a;}=6,j a;2=0 aT2=O (1.2)
«; are Grassmann numbers [3-5]
la,>=exp[_%&,a,+a7a,]'0,> a,’a,>=la,>a, a,l0>,=0 (1-3)

and the following formulae are used:

J’ da;=0 '[ daa; =1 (1.4)

N
J I:[ da; da; exP[—,Z,:- &,A,»jaj+zi: (@m;+ -r‘;,a,-)] =det A exp[z ﬁi(A_l),-jnj] (1.5)

[0):0| = :exp[—a;ai]:- (1.6)

We shall show, in section 2, that this technique can provide a direct approach for
constructing a new fermion coherent state which is a common eigenstate of the two
anticommuting Fermi operators a,+ a; and a| — a,; some properties and applications
of the new state are derived in sections 3 and 4, respectively.
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2. New two-mode fermion coherent state

Enlightened by the normally ordered form of the completeness relation (1.1}, by virtue
of the 1wop technique we can easily prove the following

j oF dé expi—[E—(a]—an]lé~(a +aD]} =1 21)

where £ and ¢ are Grassmann numbers, independent of each other. Using (1.6), it is
easily seen that (2.1) is equivalent to

_( dE dg|6x(él =1 (2.2)
where

|€) = exp(—3€€ + a ¢ + £a}+ a3a,)[00) (2.3)

(& =1(00lexp(—3é6+ €a, — art — a,a3). (2.4)
Operating with a, and aj on |£), respectively, we have

a,|€) = (£ - a2~ 3££a3)|00) (2.5)

a3lé) = a3(1-3&€+ a;£)|00). (2.6)
On the other hand, we have

£16) = £(1+ £a3 + a3a;)|00). (2.7)
As a consequence of (2.5)-(2.7), we obtain the eigenvector equation

(a,+a3)|€) = €lé). (2.8)
Further, operating a, and a; on |£) respectively, gives us

ay)¢) = (aj - €+1££a1)[00) (2.9)

ailé) = ay(1 -3¢ + £a;)|00). (2.10)
Comparing the following equation

£l§) = E(1+ar6+a2a})[00) (2.11)
we get another eigenvector equation

(ai-ay)|é) = El§). (2.12)
Owing to (1.2), it is easily seen that
{ai-a,,a,+a3}=0 {a;\/_;z,al\/_;;}=l {01\'}’;5’01‘;;2}:1‘ (2.13)

We thus reach the conclusion that the two anticommuting operators a, + a5 and a;} - a,
have the eigenvector in common. (Note that the two-mode fermion coherent state
|a,a,) is a common eigenvector of a, and a,; however this is a trivial case.) At the
end of this section we point out that aithough the following integration seems a likely
more natural generalisation of (1.1) than (2.1) and also gives:

J af d¢ :exp{-[&~(ai+a))[¢ —(a,+az)]}: =1 (2.14)
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it cannot lead us to proceed far, because in the exponential of (2.14) there appears
the term aja, (not —aja,!) and we cannot use :exp(—a-a,): =|0),,(0| to decompose
the exponential of (2.14) into the suitable bra and ket state as we did for (2.1).

3. Some properties of the new state

It is worth pointing out that if we define the adjoint of {£) by
<§|=<00|exp(-%g§+§al+a2§+ala2) (3.1

which is a left eigenvector of aj+a, with eigenvalue £ we see that a;+ a, does not
anticommute with a,+a;. Moreover, if we carry out the integration [ dZ d¢|£)(¢| in
terms of the rwop technique, we do not get 1. Instead, we have

J d delexe|

= J déd¢: exp(—&&+(aj+a)é+ E(ar+a)) +aza) +a,a,—aja, - azay):

= :exp(—2aia,):. (3.2)
Using
|0>22<O| = aza§ [1)25(1| = a;az (3.3)
:exp(—2a§a2):=1—2a§a2=|0)22<O|—|1)22(1|=(—1)N2 Nzga;az .

we can put (3.2) into the form

J dEdélexel(-1) =1 or J dEdE(-1) ™) ¢El = J‘ dédelenel=1  (3.4)

which is in agreement with (2.2) since

(—1)May(—1)N%=—a, (=D)™{¢) = exp(—1&¢ + ajé ~ Ea3— a3a1)|00) = [£).  (3.5)
As a result of (2.8), (2.12) and (3.5), we have
(él(ay—ay) = &(¢| (3.6)
(€l(a,+az) = &€ (3.7)

which states that {£| is a left eigenvector of a; — a, and a, + a5 simultaneously. Combin-
ing (2.8), (2.12), (3.6) and (3.7) together, we obtain

(€1(ar+a3)lé)= (€16 = £4€16) (3.8)

(€l(ar—a)|é) = E(&'16) = ECE6). (3.9)
The & function of the Grassmann algebra can be defined as

8(£-€)=¢-¢ 8(6-&)=¢-¢ (3.10)
so (3.8) and (3.9) become

(€186)=58(£~£)8(E~&)=(¢|€Y (3.11)

which embodies the orthogonality and is consistent with the completeness relation
(2.2). Hence [¢) and {¢| make up a new representation, even though |¢) and (| are
not ‘Hermitian conjugate’ to each other. It is due to the iwop technique that we are
able to find such a case easily.
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4. Application of the new representation
As an application of the new representation, let us consider the following integration:

(- ENE

where we have rewritten (£| as ((§)l and

)

(s* - )(f)>> =exp(_f_f+a:(s*g—rf‘)—(r*g+sg)a;-a;a:);oo>, 43)
r* s J\¢ 5

Substituting (4.3) into (4.2) and performing the integration in the light of the 1wop
technique, we obtain

Is|*+r)*=1 (4.1)

UEJdEd&

Ey=|¢ &)=

U= J dé d¢: exp[— €&+ (ais* +r¥al+a)é+ E(ra) - sa; + ay)

+ ot + +
—asa;+a,a,—a,a,—a,a,]:

exp[(s*—1)a,a;+(s—1)aa,+ r*aza, — ra;a,):

:exp{(a?ai)[(j: ~Sr>—ﬂ]<:l>}: UE((I) (1)> (4.4)

which shows the mapping of the classical transformation to a qunatum operator. Using
(4.1), (3.11) and

(sas—ral)(ajs*+r*ay)=asa,

(s* _’><5,)>>6<§—§'>5<§‘—£')
r s 3

= exp(—%§+ (a\s*+r*ay)¢— E(sas—ra)) — (sa;—ra;)(a;s*+ r*a%))IOO).
(4.5)

It is not difficult to prove that U is unitary, thus from (4.5), (3.5) and U|00) =00,
which is obtained from (4.4), we have

bi=Ua, U '=als*+r*a; bi= Ua U™ "= sa;—ra;. (4.6)

1l

I

we have

U|§>>=J d¢' dé¢

This transformation keeps the anticommutative relation invariant, e.g. {b;, bf}=6

ifs
b?=0. As another application, we examine the following integral-form operator

£ 3 s 0 0 —r*

3 s -
VEJdﬁdangdg R|¢ ¢ r=[ S 0 (4.7)

n n 0 r* 0

n n r 0 0 s*

where

(Z>>> =lmh=lm, ay = exp<—%ﬂ+ ain -~ ﬁa2~a;‘;a§)1100> (4.8)
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is another state similar to |£) but with a3, a; being another set of two-mode Fermi
creation operators, and J|00) is the ground state eliminated by a; and a,; thus we have

|00)00]| = :exp(—aja; — aza):. (4.9)

In terms of the 1wop technique, we perform the integration in (4.7) to obtain
V= J d dn '[ d€ d¢ exp[—3(s*E~rn)(s& — r*7) + a(sé — r*7)

—(s*E—rn)ay—asa; —5(ré+s*M)(r*E+sm)
+ay(r*E+sm) - (ré+ s*7)ay — a;a3]/00)100)00[<00|

><exP(‘%Ef'*‘E”l+a2§+alaz—%7’—l7)+ﬁ¢13+a4’7+a3f14)
=J d7j dn dE d¢ :exp[—|s|(E&+ 7m) — rsén — s*r*H€+ aj(s€ — r*7)

—(s*E—rn)as+ai(r*E+sn) = (ré+s*G)as+ éa, + ayé + fa,
+a,m—(a)+a)(a,—ad)—(ar+a)(a;—a)l:

=|s* exp[(r/s)aras—(r*/s*)ajas] :exp[(1/s) — 1)(aja, + asa;)

+(1/s*) = 1)(ajas+aa,): exp[(r*/s)a,a,~ (r/s*)a,a;]. (4.10)
By virtue of the operator identity

exp(Aa;a;) =1+a;a;(e* —1)=:exp[(e* —1)aa;]: (4.11)
we can put (4.10) into the form
V=V'V (4.12)
V= exp(-—;r aﬁag) expl:(aia4+ asa,—1) ln(%)] exp(rs—* aza4> (4.13)

r* oL . . 1 r

V'= exp(—s—* a,a3> exp[(a3a3+ a,a;—1) ln(s—*>] exp(s—* a3a1> (4.14)
which can generate a fermionic Bogolyubov-Valatin transformation [6, 7]

(VY 'a,V' =s*a,—ra, (VY 'a, V' =s*a,+ ra; (4.15)

(V) 'ay V' =sas+r*a) (V) 'a,V"=sa,—r*a;. (4.16)

Therefore, from (4.7) and (4.10) we see that the R transformation in Grassmann
number space maps into the tensor product of fermionic Boglyubov-Valatin unitary
operators in Hilbert space. Further, using (4.7) and (3.11) we have

S 3 My un
3|3 o lew

To summarise, the iwop technique for fermionic systems can help us not only to
derive the N-fermion permutation operator [2], but also to deduce the new two-mode
fermion coherent state with which some physical applications are obtained, as shown
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in (4.1) and (4.7). This kind of state satisfies its orthonormal and complete relations
manifestly in (3.11) and (2.2), and provides us with a non-trivial example of the fact
that two anticommuting operators can possess a set of eigenvectors in common.
Combining the results obtained in [2] and in this comment, we can conclude that the
iwoP technique makes the fermion coherent state much more useful.

References

[1] Cohen-Tannoudji C, Diu B and Laloe F 1977 Quantum Mechanics (Paris: Hermann) (Engl. Transl.,
New York: Wiley)

[2] Fan Hong-yi 1989 J. Phys. A: Math. Gen. 22 3423

[3] Berezin F A 1966 The Method of Second Quantization (New York: Academic)

[4] Ohnuki Y and Kashiwa T 1978 Prog. Theor. Phys. 60 548

[5] Klauder J R and Skagerstam B S 1988 Coherent States (Singapore: World Scientific) p 55

[6] Bogolyubov N N 1958 Nuovo Cimento 7 794

[7] Valatin J G 1958 Nuovo Cimento 7 843



